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The phase factor plays a vital role in modern quantum physics. Especially, geometric phases induced in quan-
tum evolutions have the built-in noise-resilient character, and thus found comprehensive applications in many
robust quantum manipulation tasks. Here, we propose a fast scheme to construct universal quantum gates on
superconducting circuits with non-Abelian geometric phases using resonant interaction of three-level quantum
system. As the evolution state always fulfill the Schro¨dinger equation of the govern Hamiltonian, during the
cyclic quantum evolution, there will be no nonadiabatic transitions among the evolution states. Meanwhile, ar-
bitrary single-qubit quantum gates can be implemented in a single-loop scenario by shaping both the amplitudes
and phases of two microwave fields resonantly coupled to a transmon qubit. Moreover, nontrivial two-qubit
gates can also be realized with an auxiliary transmon simultaneously coupled to the two target transmons in
an effective resonant way. In particular, our proposal can be compatible to various optimal control techniques,
which further enhances the robustness of the quantum operations. Therefore, our proposal represents a promis-
ing way towards fault-tolerant quantum computation on solid-state quantum circuits.
I. INTRODUCTION
For physical realization of quantum computation, high-
fidelity quantum gates are essential, and thus constructing
noise-resistant quantum operation is one of the key ingre-
dients. Meanwhile, geometric phases [1–3], determined by
the global properties of the evolution paths, possess a kind
of built-in noise-resilience feature against certain types of lo-
cal noises [4–7]. Therefore, for large-scale quantum systems,
where control lines/devices will inevitably cause different lo-
cal noises, it is more promising to realize quantum manip-
ulations in a geometric strategy [8]. Furthermore, the non-
Abelian geometric phases [2] can naturally be used to con-
struct universal set of quantum gates, i.e., the holonomic quan-
tum computation (HQC) [9].
Due to the limited coherent time of quantum system, the
physical realization of HQC based on fast nonadiabatic evolu-
tion [3, 10, 11] is highly desirable. Recently, nonadiabatic
HQC (NHQC) based on three-level systems have achieved
significant theoretical [12–32] and experimental progress [33–
45]. However, this type of NHQC implementation is sensitive
to the systematic error [46–48].
Here, we propose a fast scheme to construct universal holo-
nomic quantum gates on superconducting circuits [49–53],
where the systematic error can be greatly suppressed. In our
scheme, each transmon device serves as a qubit and we only
use resonant sequential transitions, driven by two microwave
fields, of the ladder type three levels in a transmon qubit.
Meanwhile, during the cyclic quantum evolution, the evolu-
tion state always fulfill the Schro¨dinger equation of the gov-
ern Hamiltonian, i.e., no nonadiabatic transitions among the
evolution states will occur [54]. In addition, at the end of the
cyclic evolution, the pure geometric phase can be acquired af-
ter cancelling the dynamical phase, thus the proposed gates
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are of the geometric nature. In this way, arbitrary single-qubit
quantum gates can be implemented in a single-loop scenario
by shaping both the amplitudes and phases of two microwave
fields. Moreover, nontrivial two-qubit gates can be realized
with an auxiliary transmon simultaneously coupled to the two
target transmons in an effective resonant way, similar to Ref.
[55]. In particular, our proposal can be compatible to various
optimal control techniques [54, 56], which further enhances
the robustness of the quantum operations.
II. UNIVERSAL SINGLE-QUBIT GATES
We now proceed to present our scheme based on supercon-
ducting circuits via inverse engineering Hamiltonian by solv-
ing the Schro¨dinger equation. Firstly, arbitrary single-qubit
gates can be implemented by using two resonant driving mi-
crowave fields with time dependent amplitudes and phases.
Then, we show that our scheme is compatible with optimal
control methods, thus the robustness of our implementation
can be further improved.
A. Inverse engineering of Hamiltonian
In this section, we introduce how to inversely engineer the
Hamiltonian based on the Schro¨dinger equation on supercon-
ducting circuits. In a superconducting transmon device, we
consider the three lowest levels |g〉, |e〉 and |f〉, with |g〉 , |f〉
being our qubit states and |e〉 being an auxiliary state, to con-
struct geometric manipulation of the device. As shown in Fig.
1(a), two microwave fields Ωj(t) cos(ωjt+ φj(t))(j = 1, 2),
with Ωj(t), ωj and φj(t) being the amplitudes, frequencies
and phases, resonantly coupled to the sequential transitions of
the three lowest levels of a transmon. Ignoring the higher or-
der oscillating terms, assuming h¯ = 1 hereafter, the effective
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FIG. 1. Illustration of the proposal. (a) The three-level configura-
tion of the resonant situation for the single-qubit gates, with two mi-
crowave fields resonantly coupled to the three levels of a transmon
qubit respectively. (b) Geometric diagram of the proposed single-
qubit gate. (c) Effective resonant qubit-qubit coupling configuration
induced by two driving qubits coupled to an auxiliary transmon for
non-trivial two qubit gates. (d) The effective coupling configuration
for two-qubit gate in the single-excitation subspace.
interaction Hamiltonian can be written as
H1 =
[
Ω1(t)
2
eiφ1(t)|g〉+ Ω2(t)√
2
e−iφ2(t)|f〉
]
〈e|+ H.c.
= Ωeiφ1(t)|b〉〈e|+ H.c., (1)
where Ω =
√
(Ω1(t)2 )
2 + (Ω2(t)√
2
)2, bright state |b〉 =
sin(θ/2)|g〉 − cos(θ/2)e−iφ|f〉 with tan(θ/2) = Ω1√
2Ω2
and
φ = φ2(t) +φ1(t) +pi being time independent, and dark state
|d〉 = − cos(θ/2)eiφ|g〉 − sin(θ/2)|f〉 is decoupled.
The Hamiltonian H1 satisfies the Schro¨dinger equation of
i
∂
∂t
|Ψ(t)〉 = H1(t)|Ψ(t)〉, (2)
where the evolution state |Ψ(t)〉 can generally be parameter-
ized by using two angles χ, ϕ and with a global phase f as
|Ψ(t)〉 = e−if/2
(
cos χ2 e
−iϕ/2
sin χ2 e
iϕ/2
)
. (3)
Inserting |Ψ(t)〉 into the Schro¨dinger equation, we get
χ˙ = −2Ω sin (φ1 + ϕ), (4a)
ϕ˙ = −2Ω cotχ cos (φ1 + ϕ), (4b)
f˙ = −ϕ˙/ cosχ. (4c)
That is to say, if the parameters of the two microwave fields
satisfy the above relations, the evolution path will just go
along with the evolution state |Ψ(t)〉, i.e., no transitions from
the state |Ψ(t)〉 to its orthogonal states will occur during the
quantum evolution governed by Hamiltonian H1(t) [54].
B. Gate implementation
Now, we proceed to implement arbitrary holonomic single-
qubit gates. A set of proper parameters χ and ϕ can be chosen
to realize a certain evolution, and once the parameters χ and ϕ
are set, the corresponding Ω and φ1 can be obtained by solving
the Eq. (4), i.e.,
φ1 = arctan
(
χ˙
ϕ˙
cotχ
)
− ϕ, Ω = − χ˙
2 sin (φ1 + ϕ)
, (5)
and thus fix the Hamiltonian H1(t). Here, we consider a
cyclic evolution, which can be achieved by setting χ(0) =
χ(τ) = 0 in Eq. (3), i.e., the state will start from |b〉 state and
go back to it after an periodical evolution with time τ , only
acquiring a phase factor. During the process, the phase factor
may consist of both the geometric and the the dynamical ones,
and the dynamical phase is calculated to be
γd(τ) = −
∫ τ
0
〈Ψ(t)|H1|Ψ(t)〉dt =
∫ τ
0
ϕ˙ sin2 χ
2 cosχ
dt. (6)
In order to induce a pure geometric phase, the dynamical
phase should be zero at the end of the cyclic evolution, i.e.,
γd(τ) = 0.
In the following, we adopt a single-loop evolution path, as
illustrated in Fig. 1(b), to induce a pure geometric phase that
can be used to achieve universal single-qubit gates. Specifi-
cally, the evolution path is divided into two equal parts, in the
first path t ∈ [0, τ/2], we set
χ1 = pi sin
2
(
pit
τ
)
,
ϕ1 = −pi
5
sin
(
2pit
τ
)
− pi
2
,
(7)
the corresponding evolution operator is U1 = |d〉〈d| +
eiγ1 |e〉〈b| + e−iγ1 |b〉〈e|. In the second path t ∈ [τ/2, τ ], we
choose
χ2 = pi sin
2
(
pit
τ
)
,
ϕ2 =
pi
5
sin
(
2pit
τ
)
− γ − pi
2
,
(8)
where γ is an arbitrary constant angle. The corresponding
evolution operator is U2 = |d〉〈d| + eiγ2 |b〉〈e| + e−iγ2 |e〉〈b|.
Then, the final evolution operator can be obtained as
U(τ) = U2U1 = |d〉〈d|+ eiγ |b〉〈b| = ei
γ
2 e−i
γ
2 n·σ (9)
whereγ = γ1 + γ2, n = (sin θ cosφ,− sin θ sinφ, cos θ), σ
are Pauli matrices. The evolution operator is a rotation oper-
ator around the axis n by an angle γ, can be used to generate
arbitrary single-qubit gates in a holonomic way. Especially,
we note that when ϕ˙ or f˙ is zero, i.e., χ = pi sin2(pit/τ) but
ϕ1,2 are constant, our scheme reduce to the previous NHQC
one.
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FIG. 2. (a) The parameter shapes of the Hamiltonian H1(t). (b) and
(c) successively describe the state population and fidelity dynamics
of the NOT gate and the Hadamard gate. (d) The gate fidelity dy-
namics of NOT gate and Hadamard gate.
The performance of the single-qubit gate can be evaluated
by the Lindblad master equation of
ρ˙1 = i[ρ1, H1] +
1
2
[Γ1L(σ1) + Γ2L(σ2)] , (10)
where ρ1 is the density matrix of the considered system and
L(A) = 2Aρ1A† − A†Aρ1 − ρ1A†A is the Lindbladian
of the operator A, σ1 = |g〉〈e| +
√
2|e〉〈f | + √3|f〉〈h|,
σ2 = |e〉〈e| + 2|f〉〈f | + 3|h〉〈h| with Γ1 and Γ2 being the
corresponding decay and dephasing rates. Here, we consider
the case Γ1 = Γ2 = 2pi × 5 kHz [57], corresponding to a
coherent time of 32 µs, which is well accessible with cur-
rent technologies. The anharmonicity of the transmon is set
to be α = ωge − ωef = 2pi × 400 MHz [55]. Assuming
the initial state |ψ1〉 = |g〉 and τ ' 51 ns, the shapes of Ω
and φ1 are shown in Fig. 2(a) with Ωmax = 2pi × 16 MHz.
Note that there will be a bounded maximum amplitude due to
the limited anharmonicity of the transmon device. Then, the
NOT gate with θ = pi/2, φ = 0, γ = pi and the Hadamard
gate with θ = pi/4, φ = 0, γ = pi are evaluated, using the
state fidelity defined by FN/H =N/H 〈ψf |ρ1|ψf 〉N/H with
|ψf 〉N = |f〉 and |ψf 〉H = (|g〉 + |f〉)/
√
2 being the cor-
responding target state. The obtained fidelities are as high as
FN = 99.79% and FH = 99.55%, as shown in Fig. 2(b) and
Fig. 2(c), respectively. The infidelity is mainly due to both the
leakage caused by the small anharmonicity and relaxation and
dephasing of the qubits and auxiliary state |e〉. In addition,
for a general initial state |ψ1〉 = cos θ′ |g〉 + sin θ′ |f〉, the
NOT and Hadamard gates should result in an ideal final state
|ψf 〉N = sin θ′ |g〉 + cos θ′ |f〉 and |ψf 〉H = 1√2 [(cos θ
′
+
sin θ
′
)|g〉+ (cos θ′ − sin θ′)|f〉]. To fully evaluate the perfor-
mance of the implemented gates, we define the gate fidelity as
FGN/H = (
1
2pi )
∫ 2pi
0 N/H
〈ψf |ρ1|ψf 〉N/Hdθ′ [58] with the inte-
gration numerically performed for 1001 input states with θ
′
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FIG. 3. (a) and (b) exhibit the gate fidelity dynamics of NOT gate
with different values n under the systematic error −0.1 ≤  ≤ 0.1
without and with the decoherence, respectively.
being uniformly distributed over [0, 2pi]. In Fig. 2(d), we have
plotted the gate fidelities, where we find that the gate fidelities
are FGN = 99.75% and F
G
H = 99.62%.
C. Optimal Control
Due to the parametric constrain, the previous NHQC im-
plementations are sensitive to the systematic error [46, 47].
Meanwhile, it is difficult to incorporate optimal control tech-
nique without additional adjustable parameters. Here, as our
scheme introduce additional time dependent phase factors, we
can adopt ‘zero systematic-error sensitivity’-optimal protocol
[56] to further suppress the sensitive of our implementation
to the systematic error. To begin with, we consider the static
systematic error situation, i.e. Ω → (1 + )Ω. Therefore, the
Hamiltonian can be written as
H(t) = (1 + )Ωe
iφ1 |b〉〈e|+ H.c., (11)
In our implementation, at the end of the first interval τ/2,
to evaluate the influence of the static systematic error, the ex-
citation profile is given as
P = |〈Ψ(τ/2)|Ψ(τ/2)〉|2 = 1 + O˜1 + O˜2 + ..., (12)
where |Ψ(τ/2)〉 is the state with the static systematic error,
and O˜m is the perturbation term of order m. Here, we only
consider the excitation profile P to the second order, i.e., P2 =
1− 2qs, where
qs = − ∂P2
∂(2)
=
∣∣∣∣∣
∫ τ
2
0
e−if χ˙ sin2 χdt
∣∣∣∣∣
2
(13)
represents the systematic error sensitivity. To nullify the qs,
we set f(χ) = n[2χ − sin (2χ)], ϕ1(0) = 0 and ϕ2(τ/2) =
−γ, which lead to qs = sin2 npi/(2n)2, i.e., for positive in-
teger n, qs = 0. When n → 0, qs → pi2/4, the current
implementation reduces to the previous NHQC case. In the
following numerical simulations, all the maximum value of Ω
are set to be Ωmax = 2pi×16 MHz as a restriction. That is the
maximum value of the optimized pulse is bounded by Ωmax,
and thus the improvement of the gate performance can only
be attributed to the optimal control.
4However, in the case of n ≥ 1, under the restriction, the
evolution time τ will be too long, and decoherence will intro-
duce unacceptable gate infidelity. Therefore, we need to con-
firm the optimal value of n under the targets with both short
time τ and low systematic error sensitivity. To find out the
optimal value n under decoherence, we simulated the NOT
gate fidelity under the systematic error −0.1 ≤  ≤ 0.1 while
changing n from 0 to 1 with the uniform step dn = 0.1. In this
way, we find out that n = 0.6 is an optimal value. In Fig. 3(a)
and 3(b), we plot the gate fidelity in the case n = 1, n = 0.6,
n = 0 without and with decoherence, respectively. From the
Fig. 3(a), we find out that the robustness of the holonomic
quantum gates is significant improved comparing n = 1 with
n = 0, corresponding to the previous NHQC scheme. From
Fig. 3(b), considering the decoherence effect, we find that
n = 0.6 is better. Therefore, for the long coherence time
quantum systems, our scheme will significantly improve the
robustness of the holonomic quantum gates.
III. NONTRIVIAL TWO-QUBIT GATES
In this section, we proceed to implement nontrivial two-
qubit quantum gates. Based on the current experimental tech-
nique, the strong capacity coupling between transmon qubits
has been achieved experimentally on superconducting circuits
[59–62]. Here, we consider the case that two transmon qubits
are capacitively coupled simultaneously to an auxiliary trans-
mon by the capacity coupling. As shown in Fig. 1(c), the
auxiliary transmon with frequency ωA dispersively coupled to
both qubits with frequencies ωkge (k = 1, 2). Meanwhile, the
sequential transitions of both qubits are driven by microwave
field with time dependent driving amplitude Ω˜k(t), frequency
ω˜k(t) and phase φ˜k(t). In the rotating framework with respect
to the driving frequency, the Hamiltonian of the kth qubit cou-
pled to the auxiliary transmon can be written as
H0 = δkNk + δANA − αk
2
(Nk − 1)Nk − αA
2
(NA − 1)NA
H ′ = gkab
†
k +
Ω˜ke
iφ˜k
2
bk + H.c., (14)
where δk = ωkge − ω˜k, δA = ωA − ω˜k, and NA = a†a,Nk =
b†kbk, with a = |g〉A〈e| +
√
2|e〉A〈f | +
√
3|f〉A〈h| + ...,
bk = |g〉k〈e|+
√
2|e〉k〈f |+
√
3|f〉k〈h|+ ... being the lower
operator for the auxiliary transmon and the qubits. As all the
sequential transitions are allowed in both qubits, the effective
interaction will be generated from the interference of the two
paths. In addition, the two couplings form a two-photon res-
onant situation, i.e., ωkge − ωA = ω˜k − ωkef = ∆ > αk, and
thus lead to driving-assisted coherent resonant coupling be-
tween the auxiliary transmon and the |g〉k ↔ |f〉k transition
of the qubits (see Appendix A for details), the Hamiltonian
may be expressed as
H˜2 = ηge |g, e〉k,A 〈g, e|+ ηfg |f, g〉k,A 〈f, g|
+
(
g˜ke
−iφ˜k |f, g〉k,A 〈g, e|+ H.c.
)
, (15)
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where
ηge =
Ω˜2k
4 (∆− αk) −
g2k
∆
ηfg =
3Ω˜2k
4(∆ + αk)
+
2g2k
∆− αk −
Ω˜2k
2∆
(16)
g˜k =
√
2gkΩ˜k
2(∆− αk) −
√
2gkΩ˜k
2∆
=
gkΩ˜kαk√
2∆ (∆− αk)
,
We set ∆ {gk, Ω˜k}, after concealing the cross-ac-Stark-
shifts by modulating the frequencies of the driving fields ac-
cordingly to Ω˜k (see Appendix B for details), in the single-
excitation subspace S1 =span{|ggf〉, |fgg〉, |geg〉}, where
|lms〉 ≡ |l〉1 ⊗ |m〉A ⊗ |s〉2 labels the product states of the
two qubits and the auxiliary transmon, the effective interac-
tion Hamiltonian can be described by
Heff =g˜1e
−iφ˜1 |fgg〉 〈geg|+ g˜2e−iφ˜2 |ggf〉 〈geg|+ H.c.
=g˜e−iφ˜1 |B〉〈E|+ H.c.,
(17)
where g˜ =
√
g˜21 + g˜
2
2 , bright state |B〉 = sin ϑ2 |fgg〉 −
e−iφ˜ cos ϑ2 |ggf〉with tan(ϑ/2) = g˜1/g˜2 and φ˜ = φ˜2−φ˜1+pi,
|E〉 = |geg〉, and dark state |D〉 = − cos(ϑ/2)eiφ˜|fgg〉 −
sin(ϑ/2)|ggf〉 is decoupled. The above effective Hamilto-
nian, which can readily be used to implement nontrivial two-
qubit gates, establishes a equivalent three-level Hamiltonian
in the single-excitation subspace with |E〉 being an auxiliary
state, as illustrated in Fig. 1(d). Then, we can adopt the same
protocol as for the single-qubits case to implement holonomic
two-qubit gates. Notably, g˜ and φ˜1 in the effective Hamilto-
nian in Eq. (17) can also be solved by Eq. (2) similar to the
single-qubits case, i.e.
φ˜1 = ϕ
′ − arctan ( χ˙
′
ϕ˙′
cotχ′),
g˜ =
χ˙′
2 sin (φ˜1 − ϕ′)
,
(18)
5where χ′ and ϕ′ are chosen the same form in Eq. (7) and Eq.
(8), after that, the effective Hamiltonian can be fixed. Thus,
for the case of γ˜ = pi, φ˜ = 0, the evolution operator in the two-
qubit gate Hilbert space S2 =span{|gg〉, |gf〉, |fg〉, |ff〉} can
be written as
U2(ϑ) =
 1 0 0 00 cosϑ sinϑ 00 sinϑ − cosϑ 0
0 0 0 1
 . (19)
Now, we analyse the performance of two-qubit gates with
ϑ = pi/2. For ∆ = 2pi × 1 GHz, and the parameter of
transmons gk = 2pi × 65 MHz, αk = 2pi × 400 MHz,
αA = 2pi×370 MHz, τ2 = 57 ns, g˜k,max = 10 MHz by mod-
ulating Ω˜k(t) with the maximum value to be 2pi × 320 MHz.
When the initial state is |fgg〉, a fidelity of 99.44% can be ob-
tained obtained, as plotted in Fig. 4, which is done by using
the origin Hamiltonian in Eq.(14), i.e., including all the un-
wanted higher-order effects induced by the strong microwave
driving. Similarly, the optimal control technique presented in
the single-qubit implementation can also be incorporated in
this two-qubit gate implementation.
IV. CONCLUSION
In conclusion, we have proposed an efficient implemen-
tation of fast HQC on capacitively coupled superconducting
circuits with microwave fields induced effective resonant cou-
pling. In particular, our scheme is compatible with the optimal
control technique, and thus provides a promising way towards
robust HQC on superconducting circuits.
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Appendix A: The effective Hamiltonian
Starting from the original Hamiltonian of Eq. (14) in the
main text, the energies of the state |g, e〉 , |f, g〉 are
Ef,g = 2δk − αk, Eg,e = δA, (A1)
which can be adjusted to be degenerate by modulating ω˜k such
that δA = 2δk−αk, and set ε = Ef,g = Eg,e. We then define
P = |g, e〉k,A 〈g, e|+ |f, g〉k,A 〈f, g| , (A2)
K =
∑
Π
|l,m〉k,A 〈l,m|
εl,m − ε , (A3)
where the degenerate subspace {|g, e〉k,A , |f, g〉k,A} is of in-
terest, Π : { l,m| (l,m) 6= (g, e) or (f, g)}, and εl,m is the
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FIG. 5. (a) Illustration of the ∆ks with respect to Ω˜k for fixed gk. (b)
Illustration of the effective transmon-transmon coupling strength g˜
with respect to Ω˜k with fixed gk.
energy of state |l,m〉. In the following, we only consider the
fourth energy level that is beyond the qubit states.
We handle the effective Hamiltonian using a perturbation
theory with {gk, Ω˜k}  ∆ = δk − δA, the first-order term is
found to be
H˜1 = PH ′P = 0, (A4)
as
H ′P =
(
gk |e, g〉+ Ω˜k
2
e−iφ˜k |e, e〉
)
k,A
〈g, e|
+
(√
2gk |e, e〉+
√
2Ω˜k
2
eiφ˜k |e, g〉
+
√
3Ω˜ke
−iφ˜k
2
|h, g〉
)
k,A
〈f, g| . (A5)
As for the second-order terms,
H˜2 = −PH ′KH ′P
= −PH ′ (K1 +K2 +K3)H ′P, (A6)
where
K1 =
|e, g〉k,A 〈e, g|
εe,g − ε ,
K2 =
|e, e〉k,A 〈e, e|
εe,e − ε ,
K3 =
|h, g〉k,A 〈h, g|
εh,g − ε .
Finally, we get the Eq.(15) in main text.
6Appendix B: Compensate of the cross-ac-Stark-shifts
In Eq. (15), there are just ac Stark shifts caused by the kth
qubit coupled to an auxiliary transmon. When we consider the
two qubits simultaneously coupled to an auxiliary transmon,
the cross-ac-Stark-shifts will occur [43]. In the degenerate
subspace S1, the whole Hamiltonian can be written as
Htwo = ηfgg|fgg〉〈fgg|+ ηgeg|geg〉〈geg|+ ηggf |ggf〉〈ggf |
+ g˜1e
−iφ˜1 |fgg〉〈geg|+
(
g˜2e
−iφ˜2 |ggf〉〈geg|+ H.c.
)
= ηB |B〉〈B|+ ηD|D〉〈D|+ ηE |E〉〈E|
+
(
g˜e−iφ˜1 |B〉〈E|+ H.c.
)
, (B1)
where ηM is the energy level shift of the state |M〉. Due to
the existence of the cross-ac-Stark-shifts, it can lead to large
errors of the gate operations. Therefore, we need to compen-
sate these shifts. It is noted that both gk and Ω˜k split the de-
generate subspace {|B〉, |D〉, |E〉}, so we will fix gk and tune
the frequency ω˜k of the driven field to fulfill |ηB − ηE | =
|ηB − ηD| = 0. However, as |ηB − ηE | ≥ |ηB − ηD| due to g˜,
we just need to care |ηB−ηE | = 0 in the degenerate subspace
{|B〉, |E〉}, i.e.,〈
φl
(
Ω˜k
)∣∣∣ d
dΩ˜k (t)
∣∣∣φm (Ω˜k)〉 = 0.
Then, we obtain〈
φl(Ω˜k)
∣∣∣ ∂H
∂Ω˜k
∣∣∣φm(Ω˜k)〉+ dω˜k
dΩ˜k
〈
φl(Ω˜k)
∣∣∣ ∂H
∂Ω˜k
∣∣∣φm(Ω˜k)〉 = 0,
which can be numerically solved to obtain the ω˜k− Ω˜k curve,
such that one can figure out the ∆ks = ω˜k − ω˜k(0) under the
situation Ω˜1 = Ω˜2 for numerical simulation, as shown in Fig.
5(a). Once the above equation is satisfied, the cross-ac-Stark-
shifts must be compensated by tuning the frequency ω˜k of the
driven field.
After that, in order to effectively conceal the cross-ac-Stark-
shifts, the driven pulse with smoothly changed amplitude can
be employed, which can lead to a smoothly changed effec-
tively resonant coupling strength g˜k. As shown in Fig. 5(b),
the g˜k − Ω˜k curve of the numerical simulation is coincident
to the theory. Also note that when Ω˜k is large, the trend of
g˜k − Ω˜k will be slightly nonlinear.
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